Al Rights Reserved. Confidential

Department of Examinations - Sri Lanka

G.C.E. (A/L) Examination - 2017

10 - Combined Mathematics I

Marking Scheme

This has been prepared for the use of marking examiners. Changes would be made according
to the views presented at the Chief/Assistant Examiners’ meeting.



G.C.E. (A/L) Examination - 2017

10 - Combined Mathematics

Distribution of Marks

Paper|:
Part A: 10x 25 = 250
PartB:  05x150 = 750

Total = 1000/10

Paper 1- Final Mark =100



Departmem of Examinations - Sri lanka Confidential

_ﬂ_

,' e . T
1. Using the Principle of Mathematical Induction, prove thay 3 3,y o7~ 7
| p Z; )=n(n+1? forall nez* ,
9 ____‘_—-_-_________._.———-——-——-—_._4_

——"-‘---_-‘—-—.

e —
T —
—

For n=1,LIS. =1-(3+1)=4 and RHS. =1.(1+1)2 _ 4 @

. The result is true for n=1.

Take any p e Z' and assume that the result is true for » =

ie. ir(3r+l)=p(p+i)z.- ------------ (1) @

r=|

p+l P
Now 3rlsr+1)= 2 rlr+)p+03p+ ) (5)
r=} r=|
= p(p+1)’ +(p+D(Bp+4)
=(p+ (P +p+3p+4)

=(p+)(p+2)* @

Hence if the result is true for n = p , then it is also true for » = p+1. We have already
proved that the result is true for n=1.

Hence by the Principle of Mathematical Induction, the result is true for all neZ".

25
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:;2. Find all real values of x satisfying the inequality P-lz lx+1].

i

| — =

Confidential

At the points of intersection, we must have x>-1 and x?=1=x+1,andso x=-1or x=2.

The solutions are the values of x satisfying x<—l or x22. @

25

¢

Aliter 1

jx+1

[ {x+l ir x=-1

—-(x+1)if x<-1

Case (i) x=-1

In this case, x> ~12|x+1| & x%-12x+1 @

<:::>x2 -x=-220

& (x+D)(x-2)20

& x<-lor xZZ.@
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~lorx22.

Since x2-1. the so]utw\
Case (i) x<-1, -
£-12x+D @

In this case, x* =12| x+1| &

¢>x3+x20
& x(x+1)20 @
oy -1 w20

-1.

Since x < -1, the solutions are X <

From the two cases, we get x < —1 or x22 as the answer. @

Aliter 2
Case (Y x> -\
2
¥ o13x+1] X ~12x+] @
o xs-lorx22. @

Since x> -1, the solutions are x22.

Case (ii) x<-1

2 -12|x+l| & X -12—(x+1) @
< x<-lorx20. @

Since x <-1, the solutions are x <-1.

From the two cases, we get x<-1 or x>2 as the answer. @
25
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Aliter 3
Case (i) xt>1

In this case x* -1 0, and 50 both sides are non-negative.

LoxP 12| x4+

& (=12 2(x+1) @

& (x+ D=1 —(x+1)? 20

& (x+)[(x-1)2 =120

o (x+1)2x(x-2)20 @
< x=-lor x<0or x>2 @

Since x°21¢> x <~1 or x21. the solutions are x<-lor x22. @

Case (ii) x* <1

Since x> ~1<0, and hencc there are no solution. From the two cases. we get x<—1 or x> 2

as the answer. 25
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) - " =3azcosza
Let 0<a<—-. Show that hmta,n—l' tan &

Y~

a)(xz +ax+ az)

3 3 (x—

, x-a . :
lim = lIim sinx _smn&
x—a tanx—tana ¢ T —-——
cosx COSZ

(x—@)cosxCoSa” (% "'m‘-f-oz"-)
=1 sinxcosa —cosxsina

—a
i cosxcosa-(x2+ar+a2) @
=lim——7"

e sin(x —&)

2
~1.cosa-cosa-(3a”)

=35{2C05’2q’1- @
I 25

Aliter 1 @
3 3 2 2
. = r—oa)x +tox+a am
fim X (x—a)( ) o tan(x— ) = 20X —tana)
x—a tanx -tana x-a tan(x-a)(1+ tanxtan ) 1+ tan x tan )
x-a x2 +ox+a?

= lim .
e tan(x—a) (I+tanxtana)
X~ cos(x—a)-(x2+czr+a2)

= lim .
x—a sin(x - a) (1+tanxtane)

N 1302 @
=1. >

I+tan“ o

302
e 30 G0N @
seC” o 25
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Aliter 2
3 3 3 3
: x -« ; - =
Bp— " ofimX ¢ %o
—atanx—tana e x-g sinx sina
COSx cosa
3 3
. X -a G
e e (5]
r—a X—@ Sihxcosa-cosxsind
cosxcosa
3 3
. X —-a x-a
= lim . _( ) «COSXCOSQ @
x—=a X—- sm(x--a)
=3a” 1-cos’ o
=3a’cos?a @ 25

b-asinx

6. : b-—a
Let O<a<b. Show thatdxsm (J 5 cosx)

Sll'l X

Jacos x+bsin? x

Hence, find

acos’x + bsin’x

R OO
—sin —COSX x (-sinx) +
dx J (b-a) a) b _

sinx

x

Jb —~bcos” x+acos® x

Jb-asinx

‘JQCOSZ x+bsin? x

I— Vi—asix dx = sm'{Jb cosx)-fconstant
-Jacoszx+bsin2x _ b

b—a




N
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b-a

; 1 . =1
W/ acos? x +bsin® x arb“rary

constant. @

Aliter \
Let y =sin”’ [1 ’57—;-5 cos xJ "

: _’b-a st E o u sl
Then siny = : cosx and 2-—}’ >

_Jb(l ~cos’ x) +acos® x
b

_Vacos® x+bsin’ x @

Vb

sy b-asinx . @
@ \acos® x+bsin® x

Integration as before. ' 25
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7. A curve Cis given parametrically by =3 cos 0-.cos’®, y=3 sin s 8 for 0 <8 < z,
Show that % = —co 6.

Find the coordinates of the point P on the curve C at which the gradient of the tangent line is 1.

x=3cosf~-cos’ @ y=3sin0-sin’ @

% =—35in6'+%cosz dsing; % =3cos@-3sin’ Hcosd

©

& _Dldd_ 3costi-sin’6) _ cos'e . s, @
dc dx/df  -3sinf(1-cos?0) sin’@ '

=—1<:>cot9=1@6=§- @

st O

B &

v

25

8. Let /, and I, be the straight lines given by 3x—-dy=2 and 4x-3y=1 respectively.
(i) Write down the equations of the bisectors of the angles between [, and L.
(i) Find the equation of the bisector of the acute angle between /; and /.

Bisectors are given by

Ix-4y-2 __ 4x-3y-1 @
5 - 5 !
x+y+1=0or 7x-7y-3=0 @ .

Let a be the acute angle between /; and x+y+1=0

3
—+1
3
o
4
=7>1,

- Tx=Ty~3=0 is the bisector of the acute angle between /; and 7, @

25
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2
by X2+ +1.
" Let S be the circle given bY through the points of intersection of S and /, ang Fing
hich Pisses 3-180 int
the equation of the circle ¥ teTsects
the circle § orthogonally.

24 p? =)+ A(y—x-1)=0, where 1R
+y ’ K
i ; hastheform(x .
The required equation
i.e.x’+y’-—1x+iy-—/1-'4 =0. .o _
ih g =0/ =0 ¢~ ‘48=-—- =i =i,
If this is orthogonal t©0 S, with & =0, /=

we must have 2&8"+sz'=€+6 3 @

ie. 0=—-4-8

O
Thcanswerisx’+)/2+8x‘3y+4=0' @ E

/10 Showu:at( 52+sm2) =1 +sin 8 for —w< 8 sx. Hence,show that °°s"‘+5'“"—-,/—anda{so
-sm-——- Deduce that sin = = -1

/ find the value of cos % E-vil
2
28
(sin—gwos;—?) =sin §+Zsm §COS§+COS 5
=1+siné ('.'sin2£+co -'?--l and 251n0cos€—sm0 )
2 2 2 2

Let t9=£:@ y
6

2
Then (cos—’-r— ssin® | =141
1212 2’

sm]-2-+c051_5= B e (1) . (" sm—+c051—5>0)
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-
Let 8=—:
S 6

2
Then (cosi—sin—i) = —]—
12 12 2

. gLt Y ol r
..cos-l—i-—smﬁ _Tf mrmemeammneee (2) (% SIN 7 < COS 12) @
V3-1

H-2) = sin%';—i—ﬁ—. @
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Conﬂdentia,

Part B

\\
11.(a) Let fx) = 32 + 2ax + b, where a, bER-

It is given that the equation f(x) = 0 bas two real distinct roots. Show that o2 » 3b.

Let @ and 8 be the roots of f(x)=0. write down a+/3 in terms of g and afl in terms of

Show that [er— B|= %Jaz ~3b.

Show futher that the quadratic equatcr with e+ | and le - B| as its roots is Biven by
9¢* - 6(|a| +d —-'3:‘:).r sava’ - 3a%h = 0.

(8) Let g(x) = *+p24qe+1, where p, g €R. When 5(x) is divided by (v—1)(x+2), the remainge,
is 3x+2. Show that the remainder when g(x) is divided by (x - 1) is 5, and that the remainder

when g(x) is divided by (c+2) is —4.
Find the values of p and g, and show that (x + 1) is a factor of g(x).

(5]

(a) The discriminantA = (2a)* —4(3)(®)
= 4(a*-3b). @

Since f(x)=0 has two real distant roots, we must have A>0. @

a’s3b. @
20

2a b
+ ) =—— d =-—,
a+p 3 and aff 3

D ® T
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(a-p) =(a+p) -40p

25

Let a'=|a + 8] and B'=la-p|.

Thcno:’=§tal and ﬂ’:—i—n}az - 35,

),

The required equation is (x—a’)(x~ B)=0. @

ie. x2~(a'+[x")x+a'ﬁ'=0. @

=x° -@ww%«/a* —3b}r+‘—;~ta|da1 -3h=0.

©O) &

= Q2 -6( |a|+'Jaz-3b]x+4 a* -3a%p =0. @

30

{b) Since the remainder when g(x) divided by (x - 1)(x + 2) is 3x+2. we have

8(xX)=h(x)(x =1)(x +2) +3x + 2, wweeemenmen 1)
where A(x) is a polynomial of degree 1.

By the Remainder Theorem, the remainder when g(x)is divided by (x - 1) is g(1).

&
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u):gm=s.®

Hence, the remainder when g(x) divided by (x=1) is 5.

Again, by the Remainder Theorem, the remainder when g(x)is divided by (x+2)is &(-2)
()= g(—2)=-4-®

Hence, the remainder when g(x) divided by (x+2)is —4.

g)=5=21+p+g+1=5 @

p+g=3

8(4-2)=—4:>—8+4p—2q+]_—.--4 @

4p-2g=3

COINCD . [

Now g(=1)=-1+p-g+1=0.( p=g)

Thus, by the Factor Theorem, (x+1) is a factor of g(x). @ 15
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‘N the binomia) €Xpansion of (5 + 2¢)" in ascending powers of x.

Let 7 be the term containing x* in the above expansion for r =0,],2, v 14,

T
Show that =+ - 2(14- )
. —___‘S(H}) x for x20,

Hence, find the valye of r which gives the largest term of the above cxpansion, when x =

(B) Let ¢ 2 0. Show that —— 2 _ | a5
(r+(‘j(r+(‘+2) (r+c) (r+c+2) fDl'r'EZ N

n
Hence, show tha E 2 = _B+20) ! I

wlp

o rtrice2) o2+ (n+c+l) (n+ce2) fOFnEZ

Deduce that the infinite seriec \ 2 s
infinitc series 2' TR Ty converges and find its sum.
r=

By using this sum with Suitable values for ¢, show that E LS.
" r=l

@ (5+2x) = i e 5147 2y

r=0

14 ,
=Z '4C,5”“’-2’-x", where '4C,.=——1i-— for r=0,1,...,14
“~ A14—r)!

|
red) §+§-—l:'{r4 D +3)

TR St e R S S ——— e e —

€D

15

Let 7,="C,5"" 2" .x" for r=0,1,....14.

,_,/ 14l sy @

e X
P14 —r)!

! 13-r 2r+|
Then Z“—': et

T (r+)3-m”
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Hence. {_{’.—*'—2 I according a5 1570 1)
i.c. according as 112-8r2 157 +15.

i.e.accordingas I = 23— 3

E,<T,<T:<?;<?f,<7;>7},”'>7|4

. The required valucisr =5
(b) 11 __(r+c+2)—(r+c) @
r+c r+c+2 (r+o)(rtc+)

2
T(r+c)r+c+2) (:::> "

=]

——

Let u, = — for reZ’
(r+e)(r+c+2)
Then
1 1
rEly = =
I+¢ 3+¢
?':2, ”2 =L_L
2+c 4+c

r=3; ::_,:._1 _ 1 @
3+¢ S+c¢
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r=n-2:u,,_2=-—_._l________ I @
N=2+¢ n+c

R g !

=l+c npsc+l

r=hn; !l”=—-1___ l @

H+c n+c+2

n+c+l h+c+2

3+2¢ l 1

-(]+c)(2+c)*n+c+l—n+c+2 ®

35

3+2¢
The limit of the RH.S. as n—aois — 3326 .
: 5 (1+0)2+0) 0

X 3+2¢
Zu, convergent and the sum is

(1+c)2+¢)
TG

20

1 3
0: =—, {1
fce= “rr+2) 4 () @

g

Put ¢=1: Z —5-

(r+l(r+3) 12 @

1 < l §. 3
2 e SR
3 Z,:(r+l)(r+3) 3 12 4 2)

Now, (1) and (2) :Z

l o
- r(r+~"}_3 Z,(r+1)(r+3) @
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-/’/’// _/”’_—-_—_—_—— _
f -1 @}and P= 41 , where a, PER.
.B= j 6 0 20 i

13.(a) Let A'-'—'(_I b 2

e

2 a3

denotes the (ransposc of the matrix B. Show that
a-h.
&}

- vhere B’
il 2 and b, find BTA.

It is given thal ABT
and ,{f:.-l, and with these values for
write down P ' and using it find the matrix Q such thal PQ = P? + 21, where 1 is the jgep,
matrix of order 2. ity
the locus C of the poinis representing complex numbers = satispy; |
»iiSying
|

agram.

(b) Sketch in an Argand di
I:, =1.
cos O+ sin #), where 4
h of the complex numbers :_’,—5 and =2,

of 0, of eac
ing the complex Numberg

Let o, = a(
and diagram representing

principal argument, jn tcrms
nd § be the points in the above Arg

Let P.Q,R 2
L L and ::3 , respectively.

I 0
Show that when the point P lies on C above,
(i) the points @ and s also lie on C, and

(i) the point R lies on the real a
N—

11
2 a3
145

(a) ABT=(
=] b 2

a 0
(2—a+3a 2+ab
Asbiade ~148°
ABT =p & (2—a+Ba 2+ab _ 4 1 ;
~1-b+2a -1+b*) (2 0 @

&5 12 = = J
+2a=4, 2+ab=1, -1+2a-H=2, ~1+4%=0. @

>0 and 0< 6<%. Find the modulus in terms of g ang the]

xis between O and 2.
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(1 1 .
Now, B'4=| - —1[ I3 ( : )
{ ol 1 2
\
(1 0 5
=[-1 0 -5 : @
e 1
\ 3 45
» 1{ 0 -1
2(._2 4] o
Also, PQ=P2+2I@P"(PQ)=P‘I(P2+2IJ @
=P 'Prip(20) @
< Q=p+2p7 @
P= +
2 0) |2 -4
4 2
o' 2] ®
(4 ‘4} 35

(b) YA

N

O
cJ
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" a(cos +isind) (cos@

First,

20
(cosé - isind)

B .ar(cos2 ] +sin2 &)

= i(cos(-—G) +isin(-0)) @
a

Next, zoz =a’(cos @ +isin )(cos @ +isin 9)

0| (cos? 6 -sin’ 6) + 2icosOsin o (5)
=a’*(cos28 +isin20) @

2=a?, andArg(zgz)=29. @

Hence. | zg

©
¢]

Suppose that P lies on C.

Then a=1. @
—|{=1andsoQ liesonC @
20

Also, | z2 |=1 and hence S lies on C. @
15

1
zp +—=(cosd +isin ) +(cosf —isin H)

<0
=2cos8. @

e ee—————————————————————
10 - Combined Mathematics (Marking Scheme) / G.C.E. (A/L) Examination - 2017 / Amendments to be included.
21
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Note that 0<9<—2-—=>0<2c059<2_

<. The number represented by Zo + 1 is real and lies between 0 and 2 on the real axis.

<0
10
@ et f0= - o
f Aa) Let f(x -m for x=1,2. i
| W4=30 oo oarg . |
- Show that j(x), th is oi "xX) = ——————— for x21,2. |
1 W J'(x), the derivative of Jx), is given by f'(x) - D=2 |
| Sketch the graph of y = f(x) indicating the asymptotes and the tuming points. _’
| .
2 !
Using the graph, solve the inequality — X < 0. |
{ s =
|
|

(b) The shaded region shown in the adjoining  p i
figure is of area 385 m?. This region is F = e TN |
obtained by removing four identical rectangles
each of length v metres and width x metres
from a rectangle ABCD of length 5x metres

and widih 3y metres. Show that y =33
and that the perimeter P of the shaded
region, measured in metres, is given by

P= 14.r+§~_%9 for x > 0.

Find the value of x such that P is minimum.

2

X
e 1,2
(a) f(x) D=2 orx#

— 2 —
Then £(x) = =225 X225

(x-1%(x-2)?

—6x? +dx+3x? ©

T (x-1)2(x-2)?

M4 -28) for x#1,2. @

-1 (x-2)° 2
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-
Horizontal Asymptote: lim f(x)=1- Hence, itis y =1
x—pi0

. = —00 rm = 3
o and x'_’:?;,ﬂx) _r—lpz-f(x) N e x'_':‘21+ S(X)=o,

Note that lim f(x)=

x—=l-

Vertical Asymptotes: x = 1,2

4
S(x)=0 < x=0 or x=7




There are two turning poins: (0,0)

@ x=00r 2<x<? @

-

~local minimum and [1;-, - 8) is a local maximum

70

(b) Area: (5x)(3y)—4dxy = 385 @

Txy=385
xy =35

2D
s

Perimeter: P =2(5x+3 Y)+4x+4y @

=l4x+10y

— 14x+§iq- x>0,
X

_9‘31214_35‘}0
dx X=

dpP 2 350
—_ =i ES e
= = x 7 25

ae=s (5D

)
)

-‘-‘?i-:{)for 0<x<5 and £>0f0r5<x

-, Pis minimum when x=35. @

&

50
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t—" .
x(x+1D?

/ .
nd I de.

¥ : i hence, fi
15.(a) (i) Express in partial fractions and

x{x + I}z

(i) l}s",g integraiion b)’ mr‘s' ﬁnd -[ xre ~Tdx and hence, find the area of the regton cnclosed

by the curve y = X€" and the straight Jines x=1,x=2and y=0.

(b) Let ¢ >0 and / _f In{c+X) 4. Using the substitution x = ¢ tan0,

trx 2
e 3

show that t=Xinc+z 1y where J=I In(l +tan 6) da.
4c

a a
; .
Using the formula jﬂx)df =J-j(a.._x)dr, where a is a constant, show that J _Elnz_

Deduce that ! = %Inﬁcz).

i

. 1 A B C .

1) ————7a= +__..-+_____...-—-

()x(x+l) x xtl (x+1) o
1= A(x+1)? +Bx(x +D+Cx

{=(4+B)x* +Q2A+B+C)x+ 4

By comparing coefficients,
x°:1=4
x:0=24+B+C

¥2:0=A4A+B

A=1,B=-land C=-1.
1
Ix(x+]) T A I_dx Ix+1 (x+1)2dx @

- 1
@ *Infx|*1ﬂ|x+ll+;-_;1-+6",where C'is an arbitrary constant.

50]
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(i) Ixe-xdx=—xe_’ +I9-xdx |

=—yxe ¥ wpX
e me +C',Wherec"isanarbiuarycmstant. @

©

2
Required area = j'xe X dx
1

2
1

S~(x+1)e*

©
©
=2¢7 -3¢, @ 35

(b) Let x=ctan®.
Then dx = csec? 8 do.

When x=0, 6=0 and when x=c,6=%.

©

Thus, /7

ne(l+tand) :
:-c+t:z 6 C;Sw @

il

I}
[y mem— ]

Inc(l+tan8) 2
¢’ sec’ @ s @ = &
{lnc+1n(1+tan9}d @

o |-—=
© ey b |

i

d9+'1- in{]+tar19}d9
¢

q:l.-—‘.l:-“'-i

il
o |-
—
=]
(o1
€ Sy P
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/4 .
T +.l_,f
c.
p i
=L ne+=J. @
4c & |
35 |

=]{|nz_1na+tan9)}d9 @
0

:s_’i.{zmc+ln2}

i
IH(QC J ' @
3

\El
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16. Let mER. Show that the Point P=(0, 1) does not lie on the straight line [ given by y = mx-

Show that the coordinates of any point on the straight line through P perpendicular to [ can be
written in the form (—me, 141), where ¢ s a parameter.

Hence, show that the coordinates of (he point Q, the foot of the perpendicular drawn from P’ to .

2
arc given by( LSO 2

L -
1+m 1+ m?

Shiow (e, XL M s % ol O/ i ; £ 4 -y =0, and sketch
the locus of Q in the xy-plane. Q lies on the circle S given by 1 }

Also, show that the point RE(.‘E‘. .l.) lies on S
4 |4 -

Find the equation of the circle §' whose centre Ties on the x-axis, and touches S externally at the

point R.

internally.
- [P ——

s

If the point (0, 1) lics on /. then we must have 1=mx0.ie. 1=0,2 contradiction.

+(0,1) does not lie on /. 10
A P
0,0 )
y=mx
Q
| / . . Y= nmx
P A

m=0

Q il
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Case(i): m#0 - -
In this case, the equation of th® line through 7 perpendicular to / is given by

y-1=-L(-0)

‘ ©,
Let us introduce # into this equation by y=t==0 (x —0) =1 (say).
Then y=t+1 and x= —mt, where? is a patameter.

Hence, the coordinates of any point on the line through P perpendicular to

1 can be written in the form (~mt, t+1), where / is a parameter.

Case(ii): m=0
In this case, the equation of the line through P perpendicular to 1 is the y-axis and

hence, the coordinates of any point on it can be written in the form (0, 7 + 1 ),

where 7 is a parameter.
Thus, the form is true for all real values of m.

—

30

Let ¢, be the valueof ¢ corresponding to Q.

Since Q liesonl, o +1=m(=mig) @

&
2,andhence Qs[-m(— ! 2];- 1 2+1) @

(om m
1+m? 1+m? @

e fo =

20
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-------------
----------
-
------
______

-----------------

-----------

—_m 3

m -
Lot 847y (8)
2

e m* " B :
(1+m?y? +t—=_ o m _mil+mT) mt
(1+ ;)2 ;

@ Lem'  (4m®)? 1am :
@ Hence Qlieson S,

x3+y2-y= 5

35

15
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— o
Let x, be the x — coordinateof the centre of S". Then
= X =_i
T ®
2 2 2
3 3 1
Hence the equation of S'is --J—_' +y?= I— +[”J : @
2 : 4 4
2 2
2] <)
1. { —_..i— +y° = -
30

The equation of the required circle touching S internally is

ket

10
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e e

Hence, show that ¢t = 2cos 400 _ cos 20°
_ Sin20s —.

Now, using the result iy () abg

Ve, show that ¢ - 30°.

. CAD = 20° and

2cos40°.

17. (@ (D ShO‘W\QSmm}\ S—
\-. cose
N Sing “\ﬁa
BAC = 6e, 5D shoryy |
let ACH =a. s W e ﬁg“m' AB = AD, ABC - 80°
. ‘ . Ing the Sine Rule fi
Aegl‘ USIg the Sipe Rule ¢, e tiange ARC. s Wit 'i%:
AC _ sin(2g° trian
A5 =g Ble ADC, show gy
Deduce thyt sin(
20°+q}._2
008 40° g

------- T,

-

15

|

(ii) Using the Sine Ryfe - _4€ AB

sin80° sin40°

AC _ 2sin40° cos40°

=2¢0s40° @
AB sin40°

. . AC  AD .
Again. using the Sine Rule: e+ 20} S @

AC  sin(20° +a) @
— = .
AD sina
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__——————-—-"'——_ __—h—\%\

Hence. AB < 4D = SHCY+2) - 3c0540". @

smao

sin(20° +a) = 2sin @ cos40°

= sin20° cosa +cos20° sin@ = 2N acos40 @

2¢c0540° —c0s20° @ _
= cotg=——-—"-—""" = ]

sin20°

--------------------------------------------
--------------

2¢c0s40° —c0s20° @
(i) with@ = 20° = =3

sin20°
- cota =43 @

=a=30°. (Since 0° <a <90°) 25

(b) cosdx +sindx =cos2x+sin2x

& sindx —sin2x = cos2x —cosdx @

&> 2cos3xsinx = 2sin3xsinx

& 2sin x(cos3x —sin3x) =0 @
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<&sinx=0 or cos3xy= sin3x

<sinx=0 or tan3y= 1 (;.' cos3x # 0)

S x=nx for neZ or x=mr+Z for meZ @
4

S x=nx for neZ or x:fgr-+% for meZ @

50
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I ot B ses v o & panidle O o!f mass Am move with speeds « and vy respmivﬂ;
towards cach other along the same straight lmcf on a smooth horizontal floor. After their impac[‘
the particle # moves with speed v and the pamc:‘lc Q moves with speed u in opposite directions,
Show that A=1, and find the coefficient of restitutton between P and Q. '

i e e

P 0
U v
(i)
P 0
v u

Apply I =A(Myv) — forthe system:

0 =(Amu—mv)—(mu—Amv) @

= 0=(A-Du+(A-1y
=20=A-1)u+v)

= A=I. D

Let e be the coefficient of restitution between P and Q. Then, by Newton’s law of restitution:

_’u _._’_v
(u+v)=e(u+v) —_ ., —k
e=1. @

25
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2. A balloon, camying a small uniform ball, starts from rest from a point on the ground at time
t=0 and moves vertically upwards with uniform acceleration f, where f<g. At time r=T, the ball
gets gently detachec} from the balloon and moves under gravity. Sketch the velocity—time graph
for the upward motion of the ball, from r=0 until the ball reaches its maximum height. Find the
maximum height reached by the ball in terms of T, fand g.

1 o

ol

The maximum height =The area of the triangle OAB= %[T+f—TfoT. @ + @
g

=£T—(f+g)
g

25
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3. In the diagram, PABCD is a light inextensible string attached (o a particle m{,‘faﬂ

of mass m placed on a fixed smooth plane inclined at 30° to the horizontal.
The string passes over a fixed small smooth pulley at A and under a smooth
pulley of mass 2m. The point D is fixed. PA is along a line of greatest slope,
and AB and CD are vertical. The system is released from rest with the string
taut. Show that the magnitudc of the acceleration of the particle is twice the
magnitude of the acceleration of the movable pulley and write down equations

sufficient to determine the tension of the string.

x+2y=constant > ¥+2p=0=2y=-x. @

With f and F asshown in the figure, f =2F. @

E:m_q/for F: T-mgsin30° =mf @

F=ma 1 for 2mg: 2mg-2T=2mF @ 25
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4. A l.rud& of maass Mkgis (ow-ing a car of mass m kg, along a straight horizontal road, by means of
a light incxicnsible cable which is parallel to the dircction of motion of the truck and the car. The
PSHAROES 19 !hc motion of the truck and the car are AM newtons and Am newtons respectively,
where 2(>0) s a constant. At a cenain instant, the power gencraled by the engine of the truck is
P kW and the \[x;d of the truck and the car is yms™. Show that the tension of the cable at that
c et e 10007
instant 1s T Fpgpm py newlons,

—» fms”
—> vms”' :
Am AM
«— | m b= < M
SO i —>F
000P
Tractive force F = : 5 A R——— (1) @
v
F=ma > forM: F-AM-T=Mf ---cc-v---- ) @
F=ma - form:T—-Am=mf  ==-=-cec-u- 3) @

Now (1),(2)and 3)= lggvo—P—-ﬂM—T=Mf

1000P
v

po 1000mP ©)
(M + m)v

=

_amM-T=Ma_am
m

25
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S. In the usual notation, let —1+2j and 2ai+aj be the position ye of two points A and
respectively, with respect to a fixed origin O, where a(>0)'is a constant. Using scalar product, shoy

that 408 = Z. -
Let C be thé point such that OACB is a rectangle. If the vector OC lies along the y-axis, find the

value of a.

Scalar Product: O4-OB =(-i+2j)-(2ai+a )

=-2a+2a=0

@,
~408=2.(5)
2
OC =04+ AC
=04+ OB
=(-1+2a)i+(2+a)j @

OC lies along the y—axis = (1-2a) =0 @

' (5]
Da=—.
¢ 25
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6. A uniform rod AB of length 22 and weight W, suspended from a fixed
point O by two light inextensible strings OA and OB, is in equilibrium as

shown in the figure. G is the mid-point of AB. It is given that AOB ——and
OAB = a. Show that AOG = a, and find the tensions in the two smngs

A

w
Since A0B = —27—{, AB is a diameter of the circle through 4, O and B, and G is the centre of it.

S AG=0G.

= A0G=04G=a. @
Resolving along AO and BO @
T, =Wcos . @

T, =W sina. @
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/,m the usual notation, it is given that

% L‘c‘A&ﬂdeetwoevemsofasam
P(AUB)- P(A'U 33-5 and P(BIA)-'—. Find P(A) and P(B).

Since A'UB' = (AN B)', wehave P(ANB))= [-P(ANB).
5 1
L PUNB=1"5=T O,
1
6_2
P(4) z

4_2, o]
MSO:P(AUB)=P(A)+P(B)—P(AHB) =3=3* (B~

. A bag contains nine cards. The digit 1 is printed on four of them and the digit 2 is printed on
the rest. Cards are drawn from the bag at random, one at a time, without replacement. Find the

probability that
-oits on the first two cards drawn is four,

(i) the sum of the digits
(i) the sum of the digits on the first three cards drawn is three.

1/2
5/9 L
< 5/8
4/9 1 / 3/7

(i)Answer=§xl=i,
9 2 I8 @

(i) Answer= 43,2 1 @
9 8 7 21
. El
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vations are a, @, b, b, x and ¥, where a, b, X and y are distinct postive
What are the modes of these six observations?

product of these modes are x and ¥

Values of siX obse

integers with a<b.
It is given that the sum and the

of the siX observations is % find g and b. .

R e
Modes are g and b. @

Itisgiven that a+ b=x and ab = y.

. 2a+2b+x+y 7
Since the mean IS 3’ we have - =

- 3g+3b+ab=21 --m=e-e- e 1) @

(1) =ab is divisible by 3and hence ab>3.

Again, (1)=>a+b<6. @

respectively. If the mean

Since 1 <a<b , wemust have

WY TE 25

en numbers X,, X, ---s Xyo ar¢ 10 and 9 respectively. It is

0. The mean and the variance of the t
bers which remain after omitting the number x,, is also 10.

given that the mean of the nine num
Find the variance of these nine numbers.

Mean=10 = =Z—=10. @
10

10

2
fo 10 @
Vari = i=l 102 = 2 _
ariance=9 = S 3 10" =9=> ;ﬂ x; =1090.

The mean of the first nine numbers =10 = x,, =10. @

. q
5 Z I!.Z =090, @
=]
25

. The variance of the first nine numbers = 0 102 =10 @
5 ;
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1.(a) The base of a

a circular d of radius 2a, on horizontz 0

stone is me;ted from the top of the tower with speed u at
(See the ﬁgure) The stone GI

(b) A ship S is sailing du¢

a is at the cenire C of
tal ground. A small %

vertical tower of height

the horizontal.
i hits the horizontal plane
ves frecly under gravity and . o
t':;.ough c aiya distance R from C. Show that R is given by F\-I____:—N
the equation ng—uZR-uza=0=
Find R in terms of #, @ and &,
the pond.
East with uniform speed u kmh-!, relative to earth. At the instan
the ship is at a distancc I km at ﬂn.aﬂgle @ South _of West from a boat B, the boat ity
intending to intercept the ship, with uniform speed v kmh-! h’a\r‘els
ssuming that the ship and the boat maintain their s pee’;;atwc
and

in a straight line paid,
triangles to determine the two possible paghs

to earth, wherc usinﬁdvcu.h '
paths, sketch, in the same diagram, the velocity

of the boat relative (0 earth.
Show that the angle betweenl the two possible directions of motion of the boat relative to eanp
is m—2a, where ¢ = sin

Let 7, hours and £, hours be the ti
2lucos@

2

4
ga, then the stone wi
I not fay) Fiy

and deduce that if 22 > =

~1{usinf
e e
mes taken by the boat to intercept the ship along these two

paths. Show that 4 +1; =—75
e

Apply s =ut +-21-a;2 :

— from A to B: = z . _u
R o G

2

T from A to B Y
e 7 — g 2
I 2 {2)

()and 2) = - =R—_]_ 2R?
N > & @

uZ
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_ s i1fu4 +4u2ag @

u? +Ju’ +4agu
.- oG
ra=t) 15
2 4
Suppose that u >5ga.
l6
Thcn,R> =3 3 =2a.
E @
= R>2a.
10

. The stone will not fall into the pond.

(b) ¥(S, E)=> u @

va.n=v (5)
ve.9= 7 ()

vs,5)=v(5.£)+v(£.5) (5)

=V(E,8§)+V(B, E)

usinf<v<u

=P_Q.+@?.
=PR.
P
50

Required angle = R,éRz @
=7 -2a, where QﬁzR; =a. @
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o4 _using
SII‘I&'—»QRE .

e

7]

e ..---..--—...--—.-

W+l =pp T PR, PR-PR;
PR1=PA"AR|

b P
—ucos@-vi—-u’sin” 8

PR, =PA+ AR,

= ycosf +v2 —ulsin?@
. ! 2ucos@ @
"f] +t2 =

u? cos? §(v? —u” sin” )

_2ucost

le—vz

(.,- 00529+Sin29=])

35
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scction through the_ centre of gravity of a smooth uniform block B g C
of mass 2m. The lines AD and Bc are parallel, and the line AB

is a line of greatest slope of the face containing it. Also, AB = 24
a - I
and BAD =« , where 0<G<Eand cosa=-53-.The block is A .

placed with the face containing AD on a smooth horizontal floor.

. tring taut, the particle P held at the mid-point
of AB and the particle ) on BC, as shown in the figure

Show that the acceleration of the block relative to the floor is %g and find the acceleration
of P relative to the block.

8

Also, show that the time taken by the particle P to reach A is [172

(b) Two particles A and B, each of mass m are attached to the two-¢nds of a light
inextensible string of length 7(>274). A particle C of mass 2m is attached to the
mid-point of the string. The string is placed over a fixed smooth sphere of centre O
and radius @ with the particle C at the highest point of the sphere, and the particles
A and B hanging freely in a vertical plane through O, as shown in the figure. The
particle C is given a small displacement on the sphere in the same vertical plane, so
that the particle A moves downwards in a straight line path. As long as the particle C is in contact
with the sphere, show that §2 = %{[ —cosf), where 0 is the angle through which OC has turned.
Show further that the particle C leaves the sphere when 6 = 53"- ;

(a) '

T i R,
T mg

S
F
S ,/ S TRZ —
mg

A D

Let a(P,Block)= f o Then a(Q,Block) = /' —
Also, let S(Block, E) = F —»»
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Apply F=ma:
pply L Ozsz+m(F—f)+m(F—fCOSa)

For the system — 5
_-_:>0:4F'_f_'fx§

: - iy bkt S 5
For the particle PY mgs1na-T~m(f F cosa) (2

For the particle O <+ Tl =) lonmmmenmmen 3)

3
4 s =
2+ 03 = mgx5=m(f-f')+m[f Fst

— 4g=5f-5F+5f-3F

= 4g=10f-8F @

Now (1) = 4g =25F -8F

10g
O=s=7 () .

1
Apply s =ut+-at’ o/

For the motion of (P,B): a=0+5]f12 @
A — —E‘—J—- = —l_zg
10g 5¢
17 10 l
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(b) /-‘?\
k A U
N
S 5 d
B 4
mg
Conservation of Energy:

o 1 o
Ex 2mx(af)” + 2>‘E>‘ mx(af)” +2mgacos - mg(k - af) — mg(k +af) =—-2mgk + 2mga

PE 10
KE 10
= 2a6® = -2gcos 6+ 2g

Equation 5
-0 =& (1-cosh).
a

45

Apply E=ma:

ForC A; R-2mgcos@ = -2m-af’

= R=2mgcosf-2mg(l-cosh)

=2mg(2cosf-1). @

= Rdecreases as@increases, and R=0when cosé =

L
D
C leaves the sphere when 8 = - @
3 25
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is attacheq l(; »

- length a and modulus of clasticity mg

i e et _.__—-{—-;10 of naluﬁﬂ 5
3. Onc end of a light dfsr;‘; s ;ru:;c a2 smooth horizontal !'I(}o!' and the other end I8 il lixgy |
jaced near @ and projected vertically do“'"“’ardudchcd : d
5 ““h [}
Spcl'd ‘.

nicle is P

noth of the slring- :
hi’:ﬂ simple harmonic motion.
on of Encrgy for the downward motion of the partic|

& untjj the

¢ satisfics the cquation ,'f+§(,t DB
for < .
BAR

point O at a heigh
particle of mass M. The pa

Jga . Show that the le
and find the centrc¢ of t

i ("Qnscﬂ-'a“
nciple of 2 Bog . o
t $°=2(dax~-x } for a<x < 3a.

ith the floor, show tha
bl 2
AT = X" for
( ) Sebda, Where A

i a

first impact W
as

Taking X =x-2a, €xpress thc_l -
is the amplitude to be determined.
le just before the first impact with the floor?

What is the velocity of the partic
n the particle and the floor is I Y T '

The coefficient of restitution betwee
until the string becomes slack, it is given that x2 - ’2(32 2)
allb -Xx

the particle after the first impact,
B is the amplitude of this new simple harmonic motion to be determineg

cle performs downwards and upwards simple harm ,
Onic

for —a < X <a, where
he total time during which the part

S5z |a
6 V8
|

Show that (
motions described above is

Fora<x<3a:
-0 (5D |
a X
Apply E=ma:
For m y;mg-T=mx el
+Me 3a
PE

::-mg—zg’:(x—a) = m¥

a
::>;r'+§-(x—2a):o_ @
a

r

The centre is given by ¥=0.i.e. x=2a.

So the centre is at the point C, where C is vertically below O with OC = 2a.®
. 2
Conservation of Energy : i m(ga) = l my — mgx + l mg (x—a)
2 2 2 a

a

j3=281'—~§-x2+2gx
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%2 =§-(4ax-x2) for as<x<3q
a 25
X=x-2a= X=% @
also as<x<3a& -a<X«<a
2 _8 _ 2
X2 =8 4a(X +2a) - (X +2a)?) @
a
_8 2 2
=={4a"-X"} for —a<X<aq @
a
a=2a. (3)) 2
Let l v be the velocity of the particle just before impact.
Then v? =£(4a2 —a2)=3ga
a
10

=J§®

By Newton’s law of restitution, velocity Tjust after impact = \/ga (

X2=§(BZ_X2)

WhenX=g

ga=E@-a) (5)
= B=+2a. ®

1

».te=

3

) ®

20
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W |y

a
. |g, 7z " /._. @
Since /21, ==, wehave [
\/:' 3 g
g /4 x4 @
Sinced—atz =5-,we have #; =~ -—g

. Sz |a
..f!-l-tz =_E_ E. \
m

FE(H) The position Vccmtinct points A and B with respect to a fixed origin O, nog¢ colling
with A and B, are a and b respectively. Let ¢=(1-4)a+4b be the position vector of 5 p;

C with respect to O, where 0ﬁ<l.
Express the vectors AC and CB in terms of a, b and A.
Hence, show that the point C lies on the line segment AB and that AC:CB=14:(1 - }),

Now, suppose that the linc OC bisects the angle AOB. Show that |b|(a-C)=[a|(b_c) ol

hence, find A.
(4) In the figurc, ABCD is a rectangle with AB =1m and BC = 3 m, and CDE is
an equilateral triangle. Forces of magnitude 5, 24/3, 3, 4V3, P and Q newtons

act along BA, DA, DC, CB, CE and DE respectively, in the directions indicated
by the order of the letters. This system of forces reduces to a couple. Show p c

that P=4 and Q=8, and find the moment of this couple.
Now, the directions of forces acting along BA and DA are reversed, but their. | 5

magnitudes remain the’same. Show that the new system reduces to a single

resultant force of magnitude 237 newtons.
Show further that the distance from A to the point at which the line of action ,
Im

of this resultant force mects BA produced is .Z.m.

14. (a) 5:4.=a,5§=_b_ and C_f'.-—-_q

OC=0C-0d=c-a=(-Ma+ib-a. (5)

AC = A0 +0C =0C
=A(b-a).

(=5

CB=b-c=b-(1-A)a-4ib @
=(1-A)b-a). @ EZE]
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AC=—*_Ch
(1-4)

2Ol ad Al A

CB (1-3)

ie. AC:CB=2:(1-A) @

15

= |bl(a-c)=lal(b-c) @

20

O

=|b|{(1-A)|a* +1a-b}= |al{(1-A)a-b+A|b|’} @

(-MDlalflallb|-a-b}=Alb|{|allb|-a-b}
(1-A)|al=4|b|

la|

o (‘+aand b are distinct and non-collinear.)
lal+|2|

15




Conﬁdeﬂtia

P i lanka

E
Q P
C
D
3
273 Y T 43 V3m
\n’
5
A - B
1m

Since the system reduces t0 & couple,

- 3—5+Qcos60°—Pcos60°=0 @
— P-Q=-4, and @

2 —2J3-4Y3+0sin60° + Psin60° =0 @

= P+0=12 @
P=4 and 0=8. @

I;D Moment of the couple = 7+/3Nm j
45
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E
Q P
D & C
3
23 1 43 Vim
F 3
/ ?
A % B
H a
im
- X=5+3+8cos60° —4cos60° =10 @
T Y=2v3-43 +8sin60° +4sin60° =443 @
R=4/100 + 48 =237 @ T

Let H be the point at which on BA produced meets the line of action
H

—6V3 +2J3(1 + a)+ 3G +4-2)=0

—6a+2+2a+5=0

e D
a=—m.
4

15
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15.(a) A uniform cubical block of wei
2a is placed on a rough horizontal

AB of weight 2W and Jength 28
horizon

hinged to a point on the

end # against a smooth vertical face

centre., The vertical plane throu

to that vertical face of the block a
for the relevan

floor. A U

in equilibrium. (See the figure _
of friction between the
| floor is u. Show

cross-section.) The coefficient

cubical block and the rough horizonta
that (= J_:S- .
{ramework consisting of

et e et e . = =

A ht W and side of length

4 niform rod .._..__ia_______.
has its end A smoothly T
tal floor and has the a
of thc cube at its Ble

gh the rod is perpendicular
nd the system stays a
t vertical

—_—

(p) The figure shows a
five light rods AB. BC. AD. B and CD freely
jointed at their ends. AB=a metres and BC=2u
BDA = BCD =30°. The

metres. and BAD =
framework is loaded with weights 1SON at B
and 300N at D. It is in equilibrium in a vertical

plane supported by two vertical forces P and Q
at A and C respectively, so that AB and BC are

horizontal. Show that P=250 N.

Draw a stress diagram using Bow’s notation and hence,

find the stresses in all the rods and state

whether they arc tensions or thrusts.

2a

Y
-
+—]
]
i

A X ¥

For the block T
R‘ + RZ =W

For the block —»
F=5
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(b)

150x2a+300[2a-——2-] P3a=0 @
= P = 250N @

10
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100 500 @

50 | 60°

Three joints:

Rod ' Tension Thrust

AB 250v3 N

BC 200V3 N

CD 400 N

DA 500V3 N

DB 100V3 N
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16. Show that the centre of mass of a thin uniform wire in the shape of a semi-circular arc of centre €
and radius q, is at a distance 2a

- from C.

In the adjoining figure, PQ, pp and ST are three straight line pieces
cut from a thin uniform wir

P
© of mass p per unit length. The two pieces TN
PQ and PR are welded to each other at the point P and then welded to A T
STa“hePOW-SQaﬂdR.llisgiventhatPQ=PR=a.57=zaand 5

2 0 R
- a : 3 i .

FO= 3. where O is the mid-point of both QR and ST. Also. SUT is

se_mlcnrcular arc of centre O and radius @ made up of a thin uniform

wire of mass kp per unit length, where k(>0) is a constant. The rigid T

plane wire frame L shown in the

figure has been made by welding the

ST in the plane of PQR at the points S

and T Show that the centre of mass of Lis at a distance (nk +4k + 3)2
2

from P. wk +4

semicircular wire SUT to the wire

The wire frame L is in equilibrium with its circular part touching a
smooth vertical wall and a horizontal ground rough enough to prevent
slipping, and its plane perpendicular to the wall as shown in the adjoining

figure. Mark the forces acting on L and show that > 1

Now, let k = |. The equilibrium is maintained in the above position

even after a particle of mass m is attached to L at the point P. Show
that m<3pa. 5

By symmetry, centre of mass, G lies on C4 and OG=x @

Let p be the mass per unit length.
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Department of W
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s
:
Iapacost?d& i
. a 2
. 2 ———— =— |cosfdl
Am=a(Ag)p a9 = rap 7 L
Then i
Z
2
=< .sing @
T
ool
2

is at a di 24 pom C
Hence the centre of mass is at a distance E

35

rove = S ———]
T o
I s i O
L L SR C
( SUT b !:rakp @ g _,__2;:3 @
B

) Combined Object (4 + 7k )ap C
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By symmetry, centre of mags of 7 lies on the line joining P and O. @

By the definition of centre of mass

4 2 2 =

=4+ zrk)x7=§+a+”;"‘+zak )

Q;{:ﬁc+4k+3]£‘ @ 70
rk+4 )2

-

- . LT L - X, a
For the wire frame L to be in equilibrium in the given position, we must have x; > 2’ @

4 R}

. (& +4k+3)a_a @
je. | ———— |—>—.
[ 7k+4 ]2 2

o mk+4k+3>mk+4.

1
< k>—.

4
----- A Rl
Let k=1 e

_ s
Then, x, = 20kl =,
T+4)2 ﬂ-*“'%
e | P
Let x, be the distance to the new centre of mass from P. o [ ™ >
T
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Then [(4ap + 7 a p)+m];—;::(4ap+ﬂ'a p) X1 @
4 '}'Ja

< [(dap +wa py+m]x, =(4ap+ra p)[”+4 %

s a
< [(d4ap +xa p)+m]x; =ap(:r+7)5

e 1y i DOFET) ’;]_52:_ @

[(4ap +7a p)+

i —
To maintain equilibrium in the above position, we must have x; > = @

ap(z +7)
[(4ap + 7a p)+m]|

: @ B
i.e. 4.4
2 2

S ap(n+TN)>4ap+rap+m

< m < 3ap. @ -
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Each of the b

gs Ai B H . -
all respects, except for 'ln? C contains only white balls and black balls which are identical in
B contains 2 white bajls otour. The bag A contains 4 whitc balls and 2 black balls, the bag
black balis, A bag is c}{osand 4 black balls, and the bag C contains m white balls and (m+1)
after the other, withoyt €N al random and two balls are drawn from that bag at random, one

replaocmem. .t 3 5
second ball drawn is black. 1y S The probability that the first ball drawn is white and the

— . Find the val f m.
Also, find the probabilj whingr

and the second ball o ty that the bag C was chosen, given that the first ball drawn is white

fawn is black.

The following table o - 00
X gives the distribution i students for
their answers 1o 3 Statistics question: o R Ty g &

Marks range | Number of students
 0-2 15
2-4 25
4-6 40
6-8 I5
8-10 5

Estimate the mean u and the standard deviation o of this distribution.

Also, estimatc the coefficient of skewness x defined by k= M. where M is the median
of the distribution. ¥

(a)

Let X = First ball drawn is white and the second ball drawn is black.

By the Law of Total Probability, D

P(X)=P(X | 4) P(A)+P(X | B) P(B)+ P(X |C) P(C). =-===-=mcncnnnn M

4 2 4
Pox|p=2xs== (10)

2 4 4 .
PO Ba s i
e T (10
+1
0] WL Bl W L)

(2m+]). 2m _2(2"”'1)

Also, P(A):P(B)=P(C)=1§- @

S. 5

mceP(X):-l—-,
5414|(m+l)l.

> —=—xo4—x—t——— X @

h= 75 153715 3 2@m+1) 3

5
6

8wl
% 15 22m+)) €»
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3
m=2=PX|C)=—. @
(X[C) TS

By Baye’s Theorem,
PLX | C) F(C)

P(C|X)= o
3
_10s D
5
8

@ (s (5D <D
Marks range S/ Mid point x x2---— _f;_' f:;:__'

0-2 15 | I 15 15

2-4 25 3 9 75 225

4-6 40 5 25 200 1000

6-8 15 7 49 105 735

8-10 5 9 81 45 405

> f =100 fo:_ﬁ_lio Y fx?=2380

L
>.f 100

1D,

_ |2 Sx
Zf - p @
“a-ls) ©
=v238-1936 (5)

T —
10 - Combined Mathematics (Marking Scheme) / G.CE. (A/L) Examination - 2017 / Amendments to be included,

———

29
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